arXiv: 1508.07908v2 [math.DG] 23 Jun 2016 


Gravitational instantons with faster than 
qnadratic cnrvatnre decay (II) 

Gao Chen and Xiuxiong Chen 
June 24, 2016 


Contents 

1 Introduction 

2 Definitions and Notations 

3 Deformation of hyperkahler 4-manifolds 

4 Asymptotic behavior of gravitational instantons 

5 Rigidity of multi-Taub-NUT metric 

6 Classification of ALF-Dfe gravitational instantons 

7 A Torelli-type theorem for ALF gravitational instantons 

8 Applications 


a 

a 

a 

a 

[13 

n 

23 

23 


1 Introduction 

This is our second paper in a series to study gravitational instantons, i.e. com¬ 
plete hyperkahler manifolds of real dimension 4 with faster than quadratic cur¬ 
vature decay, i.e. |sec| = where e is any small positive number. In our 

first paper [H], we constructed several standard models {E,h) as possible ends 
and proved that any gravitational instanton M must be asymptotic to one of the 
standard models with error 0'{r~^). According to the different choice of E, the 
gravitational instanton is called ALE, ALF-A^, ALF-Dk, ALG, ALH-splitting 
or ALH-non-splitting. In this paper, we will first improve the asymptotic rate. 

Theorem 1.1. (Main Theorem 1) Given any gravitational instanton {M,g), 
there exist a bounded domain K G M and a diffeomorphism ^ : E ^ M \ K 
such that the error term Err = ^*g — h satisfies 
(ALE) \V^Err\ = 0^-4-"*),Vm > 0. 
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(ALF-Ak and ALF-Dk) \S/'^Err\ = 0(r-3-’"), Vm > 0; 

(ALG) \V^Err\ = 0{r~^~'^),\/m > 0, where S = inin„gz^„< 2/3 In 

other words, 
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(ALH-splitting) Err = 0; 

(ALH-non-splitting) \S/"^Err\ = 0{e~^'~),\/m > 0, where d = 27rmin;^gA*\{o} l-^l/ 

Actually, we will show that the deformation space of hyperkahler 4-manifolds 
is a subspace of the space of closed anti-self-dual forms. Therefore, the asymp¬ 
totic rate is at least the decay rate of the first closed anti-self-dual form. 

Remark that the ALE part of Main Theorem 1 was done by Bando, Kasue 
and Nakajima [3]. The ALF-Afe part was done by Minerbe [3^. The ALH- 
splitting part can be done by the splitting theorem m 0- So we will focus on 
the other three parts in this paper. 

With the improved asymptotic rate, we can prove that any ALE gravitational 
instanton can be compactified in the complex analytic sense. This confirms a 
conjecture of Yau [51] in ALE case. Following Kodaira’s work HU, we can then 
analyze the topology of the compactification. This allows us to give a complete 
classification of ALF-Dk gravitational instantons. 

Theorem 1.2. (Main Theorem 2) Any ALF-Dk gravitational instanton must 
be the Cherkis-Hitchin-Ivanov-Kapustin-Lindstrdm-Rocek metric. 

We will give a precise definition of the Cherkis-Hitchin-Ivanov-Kapustin- 
Lindstrom-Rocek metric as Example 12.71 in Section 2. 

To illustrate our method of proving Main Theorem 2, we will first use the 
same technique to give a new proof of a theorem of Minerbe [30] : 

Theorem 1.3. (Minerbe Any ALF-Ak gravitational instanton must be the 
multi-Taub-NUT metric. 

We will give a precise definition of the multi-Taub-NUT metric as Example 
12.31 in Section 2. 

Even though Theorem 1.3 has been proved by Minerbe using other methods, 
our new proof is meaningful because it’s a simplification of Main Theorem 2. 

As a corollary, we will prove a Torelli-type theorem for ALE gravitational 
instantons as an analogy of Kronheimer’s results [53] [55] : 

Corollary 1.4. (Torelli-type theorem for ALF gravitational instantons) 

Let M be the 4-manifold which underlies an ALF-Ak or ALF-Dk gravita¬ 
tional instanton. Let [a^j, [a^], [a^j G K.) be three cohomology classes. 

Let L > 0 be any positive number. Then there exists on M an ALF hyperkahler 
structure for which the cohomology classes of the Kdhler forms [w*] are the given 
[a*] and the length of the asymptotic -fiber goes to L at infinity. It’s unique 
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up to isometries which respect I,J, and K. Moreover, it’s non-singular if and 
only if [a*] satisfy the nondegeneracy condition: 

For each [S] G H 2 {M,X) with [S]^ = —2, there exists i G {1,2,3} with 

[a%n^O. 

In Section 2, we give several definitions. In Section 3, we develop the defor¬ 
mation theory of hyperkahler 4-manifolds. In Section 4, we use this deformation 
theory to prove Main Theorem 1. In Section 5, we give a new proof of the clas¬ 
sification of ALF-Afc gravitational instantons. In Section 6, we prove Main 
Theorem 2. In Section 7, we prove the Torelli-type theorem for ALF gravita¬ 
tional instantons as a corollary. In Section 8, we discuss the applications of our 
work. 


2 Definitions and Notations 


In this paper, we follow the notations of our first paper, r is still defined by 
r{p) = |7r(p)|, where tt : A —>■ C{X) \ Br is the torus liberation. 0'{r°) 
still means that for any m > 0, the m-th derivatives of the tensor belong to 
0{r°‘~'m). X is a smooth cut-off function from (—oo,-|-oo) to [0,1] such that 
X = 1 on (— 00 ,1] and x = 0 on [2,oo). B^niPi) still means the cover satisfying 
very good conditions, are the Kahler forms according to /, J, K. 

uj^ = uj'^ iuj^ is the J-holomorphic symplectic form. 

We still use the following definition of twistor space of hyperkahler manifolds. 

Definition 2.1. (c.f. [17]) Let J,K) be a hyperkahler manifold. Then 

the twistor space Z of M is the product manifold M x equipped with an 
integrable complex structure 


, ,1-CC, c + c ,, . c-c,, ,, 


■I + CC 1 + CC 


1 + CC 


where CsCcCU{oo} = CP^ = is the coordinate function, and /q is the 
standard complex structure on CP^. 


Notice that our definition is different from m to correct a sign error. 
We can define a form uj on the twistor space by 


oj = -I- ioj^) 2fuj^ — — iuj^). 


It’s a holomorphic section of the vector bundle hfTp ® 0(2), where F means 
the fiber of Z which is diffeomorphic to M. We also have a real structure 
t(p,Q = (p,—l/Q. It takes the complex structure / to its conjugate —In 
they proved that lo and r determine the hyperkahler metric. 

We still use the following Hilbert spaces 

Definition 2.2. Define the L^-norm of a tensor by 


ll</>llL2(n) — 
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Let Lig be the space of tensors with finite L^-norm. Define V(j) = ij: \n the 
distribution sense if for any ^ G Cq®, (</>, V*^) = Let iL| be the space of 

all tensors (j) such that 

s V(^ G ^5+2 G Lgj_^. 


We can define the norm in this weighted space by 


\Mh^q) = \ [ l^ipr-^dVoH- [ |V</)|2r'5+2dVol+ [ |V20|2r-5+4dVol. 

* V dn Jn Jn 

The inner product is defined accordingly. 

In our first paper, we proved that compact supported smooth tensors are 
dense in those Hilbert spaces. Therefore, it’s enough to prove something for 
compact supported smooth tensors. In ALH-non-splitting case, we can define 
similar Hilbert spaces using exponential growth weights. 

Now let’s define the multi-Taub-NUT metric and more general Gibbons- 
Hawking ansatz: 


Example 2.3. Let 


H(x) 


fc+1 

1 + E 


a=l 



Let TT : Mo —)> \ {xq} be the §^-bundle of Euler class -1 around each Xq. Let 

rj be the connection form with curvature dr; = *dV. Then 


g = Hdx^ + V-^r]^ 


gives a metric on Mq. Let M = Mq U {pa} be the completion. Then M is called 
the multi-Taub-NUT metric with total mass (fc -|- l)m. When fc = —I, M is the 
trivial product of and . 

More generally, as long as V is harmonic, we can do the similar construction 
and call M the Gibbons-Hawking ansatz. It has complex structures satisfying 

da;^ = r (U-^ry) = J*dx^ = K*dx^. 


Now let’s recall the holomorphic structure of the multi-Taub-NUT metric 
proved by Glaude LeBrun m 

Theorem 2.4. (LeBrun){M^I) is hiholomorphic to the manifold 

fc+i 

uv= W{z- {-xl+ixD) 

if —x^ + ix'^ are distinct or the minimal resolution of it otherwise. 


4 




Proof. The function z = —x^ + ix'^ is an /-holomorphic function on M. We can 
define a holomorphic vector field X by 

u}+{X,Y) = -i(lz{Y). 

The action of X gives C*-orbits of M. For z ^ —x% + there is only one 
C*-orbit. If —x% + ixj^ are distinct, each {z = —x% + is divided into three 
C*-orbits: {x^ < ,{x^ = x^}, and {x^ > x^}. Let 

M~ = {z ^ -x^ + ix^} U Ua{z = -x^ + zx^,x^ < x^}, 

M+ = {z ^ -x^ + ix^} U Lla{z = -x^ + JX^, x^ > x^}. 

Then both M+ and M~ are biholomorphic to C x C*. On the overlap, we have 
{z,v)m+ ^ {z:, Y[(z-(-xl+ixl)))M- ■ 

If —x^ + ix^ are not distinct. For example, suppose we have two points 
(0,0, 0) and (1,0, 0). Then we can define 

Ml = {z 0}U{z = 0,xi < 0}, 

Ma = {z 0} U {z = 0,0 < x^ < 1}, 

Ms = {z^0}U{z = 0,x^ > 1}. 

On the overlap, we have {z,v)mi iz,^)M2 In other words, 

it’s the minimal resolution of uv = z^ in the sense that we replace the point 
{u = X = z = 0} by CP^ = {z = 0,0 < x^ < 1}. It’s similar in general case. □ 

Using Theorem 12.41 we can get the twistor description of the multi-Taub- 
NUT metric as in m- 

Example 2.5. Let U be the affine variety in with coordinates (C, z, p, 
defined by 

fc-i-i 

Of—1 

or the minimal resolution of it, where 

Pa{C) — + 26ctC ~ ha 

with parameters Ua € C and ba G M. Take two copies of U and glue them 
together over ^ 0, oo by 

c = c-\ 

z = C^z, 

P = 

Then C lies in CP^ = C U {oo} and z is a section in 0(2). Define 
w = 4Id log p A dz = idz A dy. 
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Define the real structure r by 
r{(;,z,p,0 = 

The gluing of U and U is the twistor space of the multi-Taub-NUT metric up 
to rescaling. 

Notice that our convention is slightly different from m- We use the real 
form iddK as the Kahler form but they use ddK following the convention of 
m- The other difference is that they use the scaling parameter p but we rescale 
our metric to make /i = 1 . 

Similarly, we can define the twistor space of a hyperkahler 8 -manifold: 

Example 2.6. Let U be the subvariety in C’’ with coordinates (^, w, z, po, pi,^o,^i) 
defined by 

k 

(po + Pip)(Co + iiv) = n “ Pa{C)) mod if - wp - z = 0, 

where 

PaiO = aaf + 2baC “ Oa 

with parameters Ga € C and ba € K. 

Take two copies of U and glue them together over C 7 ^ 0, oo by 

c = c-\ 

W = Z = C~^Z 

(po + piv) = + piv) mod - wp - z = 0, 

(lo + iiv) = + fiP) mod p"^ - wp - z = 0, 

Then C lies in CP^ = C U { 00 } and z is a section in 0(4). Define 

^ _ 4 j (dpo -I- /3jdpi) A d/3j 
^ po + ^iPi 

where /3i, /32 are the two roots of p'^ — wp — z = 0. Define the real structure by 
r{C,z,p,0 = {-l/C,z/f,e^/Hl/Cf^,e-^/H-l/Cfp), 

where p = po + PiP and C = Co + CiP- We can realize the gluing of U and C/ as 
the twistor space of a complete hyperkahler 8 -manifold. 

The hyperkahler quotient of the previous example is the Cherkis-Hitchin- 
Ivanov-Kapustin-Lindstrom-Rocek metric. When fc = 0, it’s the famous Atiyah- 
Hitchin metric. Actually, the Atiyah-Hitchin metric [5] provided the first exam¬ 
ple of ALF-Dfe gravitational instantons. Later, Ivanov and Rocek (TH] conjec¬ 
tured a formula for positive k using generalized Legendre transform developed 
by Lindstrom and Rocek. Cherkis and Kapustin m confirmed this formula. 
This metric was computed more explicitly by Cherkis and Hitchin nnj. 
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Example 2.7. In the previous example, we look at the C* action by pj —>■ Xpj 
and —>■ The moment map is w. To get the hyperkahler quotient, we 

set u> = 0 and take the C* quotient. 

The submanifold w = 0 in 17 can be written as 

Poio + zpiii = p{z), 

P 1 C 0 + P 06 = q{z), 


where 


Y[{v - Pa) = p{z) + miz) modr 7 ^-z = 0. 


The C*-quotient can be obtained by using the C*-invariant coordinates 

^ - Po^i], 

y = +r(z)]. 


where 


p{z) = zr{z) + 


Thus 


„ ^ ^ ^ _ q{z) - {-i)^x 

PlsO 2 ’ POsl 2 ’ 


The equation 
is reduced to 


(Po^o)(pi6) = (/3 o6)(Pi?o) 


2 2 
X — zy 


= —(R^^ - + ^Y[i-^Pc.)y- 


Moreover, 


LU = 


*d(^log( 

y/z 


yz + Ilai-^Pa) + y/zx 

yZ + Uai-^Pc.) - 


)) Adz. 


This gives the twistor space of the Cherkis-Hitchin-Ivanov-Kapustin-Lindstrom- 
Rocek metric. 


When Pa{C) and —Pa{C) are distinct, the manifold is non-singular. Oth¬ 
erwise, the CHIKLR metric is the minimal resolution of the singular manifold 
which will be discussed later. It’s interesting to notice that [5] when two Pa 
equal to 0, the singular manifold is the Z 2 -quotient of the multi-Taub-NUT 
metric. Moreover, when fc > 3, if all of Pa equal to 0, the singular manifold 
is exactly the quotient of the Taub-NUT metric by the binary dihedral group 
Di{k- 2 ) because of the following calculation: 
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Example 2.8. It’s well known that the Taub-NUT metric is biholomorphic to 
C^. Let u, V be the coordinates of C^. Define the action of the binary dihedral 
group 

^4(fe-2) =< cr,= 1,0-''“^ = T^,Tcrr“^ = a~^ > 

by 

t(u,v) = {v,—u),a{u,v) = 

Then 

a: = - v^'^-^)l2, y = + v^’^-^)l2, z = 

are invariant under the action with the relationship — zy^ = —z^~^. This is 
exactly the previous example with all Pa = 0. 


3 Deformation of hyperkahler 4-manifolds 

It’s well known that in real dimension 4, the hyperkahler condition is equivalent 
to the Calabi-Yau condition. So we can study the deformation theory by viewing 
them as Calabi-Yau manifolds. However, to keep track of the symmetry between 
three complex structures, we prefer a more direct approach inspired by the 
lecture of Sir Simon Donaldson in the spring of 2015 at Stony Brook University. 

Lemma 3.1. A 4-Tnanifold is hyperkahler if and only if there exist three closed 
2-forms uj’' satisfyinq 

w* A uj^ = 2SijV, 

where V is a nowhere vanishing f-form. 

Proof. Given three 2-forms, we can call the linear span of them the “self-dual” 
space. The orthogonal complement of the “self-dual” space under wedge product 
is called “anti-self-dual” space. These two spaces determine a star operator. It’s 
well known that the star operator determine a conformal class of metric. We 
can then determine the conformal factor by requiring V to be the volume form. 
Using this metric and the three forms ca*, we can determine three almost complex 
structures I, J and K. It’s easy to see that IJ = K or IJ = —K. Since the 

two cases are disconnected, we can without loss of generality assume that the 

first case happens. By Lemma 6.8 of [T^], I,J,K are parallel. □ 

Therefore, given a family of hyperkahler metrics on a fixed manifold 

M, the deformations 0* = satisfy 

w* A -h A 0* = 0, i ^ j; 

a;i A 0i = A 0^ = A 03. 

Notice that the anti-self-dual components of 0* don’t affect the equation, so we 
only need to look at the self-dual components. Let 


V = {0e A+©A+©A+ : a;*A0^+w^ A0* = 0,* ^ j;w^A03 = uj^AO^ = 


Then V is generated by the following basis: 


Cl : 0^ = = u/, 6^ = uj^] 

e2:6»i=0,6»2=a;3,6»3 = -a;2; 

63 : 6»i = -a;^6|2 = 0,03=0;^; 

64 : 9^ =up-,9'^ = -a;\03 = 0. 

Now we look at the action of diffeomorphism group. The infinitesimal diffeo- 
morphism group X acts simply by 0* = Lxw* = d(Xja;*). The projection of 
Lxuj"^ to V defines an operator V : Vect(M) — V. Notice that V is canonically 
determined by w®. In particular, if there is a symmetry group G, then T? is also 
invariant under G. 

On 

uj^ = dx^ A da;^ + da;^ A da:'‘, 

= da;^ A da;^ + da;"^ A da;^, 

= da;^ A da;"^ + da;^ A da;^. 


It’s easy to compute that 




dx^ dx'^ dx^ dx^ dx"^ dx^ dx^ dx^ 

dx^ dx'^ dx^ dx"^ dx'^ dx^ dx"^ dx^ 


So VV* = A on 

On the general hyperkahler 4-manifold, suppose that V has full image, then 
we can without loss of generally assume that 0® are all anti-self-dual. Notice that 
they must be closed as the variation of closed forms. They must also be co-closed 
since d(*0®) = —d0® = 0. In other words, the deformation space of hyperkahler 
4-manifolds is a subspace of three copies of the space of anti-self-dual harmonic 
2-forms. There may be further reductions if {Lxuj^, Lxuj'^, Lxuj^) is anti-self- 
dual harmonic for some vector field X. 


4 Asymptotic behavior of gravitational instan- 
tons 

In this section, we use the principles in the previous section to prove Main 
Theorem I. 

To prove that V has full image, we instead prove that L — W* has full 
image. Since L is asymptotic to the Laplacian operator, it’s enough to apply 
Lemma 4 of Minerbe’s paper [29] in ALF case and its generalization in ALG 
case. 
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To get this generalization, we still use the decomposition of any tensor cj) into 
T^-invariant part (j)i and the other part (j >2 satisfying (t >2 = 0. Notice 

that any T^-invariant operator L preserves this decomposition. Actually, let 
9) = (x, 9+t) be the diffeomorphism in local coordinates, then L commutes 
with $*. So 


and 


[ = L [ = 0 . 


Now let’s state several lemmas first. 


Lemma 4.1. For any S 1, there exists a bounded linear operator 
S : Lg{[R,oo)) —^ Hg_ 2 {[R,oo)) 

with IIS'!I < + 1 such that {SfY = f in the distribution sense. 

Proof. Since {Sf)' = /, it’s enough to control the L^_ 2 -norm of Sf. We can 
further reduce to prove the same estimate for / G (7^. So we can assume that 
supp(/) C [i?i, i? 2 ] with R < Ri < R 2 < oo. If d > 1, define 

/ OO 

f{t)dt. 


So 




< 


p(X> poo 

Jr ^J 

poo poo -I poo 

[| f{t)dt]f{ry-^dr-j—^R^-^[j^ f{t)dtf 

/ pOO poo / pOO 

Jj [J f{t)dt]'^r^-'^drJj f^{t)r^dr — 0 


d - ^ Jr Jr 
2 


(5-1 


by integral by parts and the Cauchy-Schwarz inequality. 

If 5 < 1, define 

Sf{r)= r f{t)dt. 

JR 

Then Sf is constant for r > i? 2 , and therefore belongs to T^_ 2 - Moreover, it’s 0 
for r < Ri. Therefore, we can apply the proof of Proposition 4.2 and Theorem 
4.5 of our first paper [S] to get the required estimate. □ 


Lemma 4.2. Suppose (j) G \ Bpf) is a tensor vanishing on the boundary 

satisfying </< = 0 for any x G B^ \ B^. Suppose 


L = A^ViVj + B*Vi 4- C 
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is a -invariant tensor-valued second order elliptic operator with 

- ^^Idl < Cr-\ |B*| < Cr-i-% |C| < Cr-2-^ 


Then as long as R is large enough, 


2^5 


! BfP\BR 




I B^\Br 


m 


2^6 


'?r^ < C 


Br\Br 


Ib^\Br 


\m 


2„(5 


for any i5 G K, with constant C independent of R and R. 
Proof. It’s easy to see that 




/ Bj^\Br 


+ [ |V</.|2r^ < C( / 

Jbp,\Br Je 


Br\Br 


l-^l 


2^S 




' Bp^\Br 


by Theorem 9.11 of [H]. By our Theorem 4.9 of [H] , if (/> is compactly supported 
in , 


iBjj^\BR)nB,,ri(pi) d (Bff^\BR)nB,^ri(pi) d {Bj^\BR)nB^ri(pi) 

Therefore 

J + j <C^{j \Xr(t)?r^ + J |V(x*(^)p/) 

< CY^ J |A(x,^)pr'^ < CYi J X?|A(^p /+J |Vx*nV(^pr^+ J\Ax^\^\(j)\^r^). 

Here, the first inequality holds because R is large enough and by our first paper 
[5] , we can choose the charts properly so that the number of charts overlapping 
at any given point is uniformly bounded. 

Notice that Vxi = 0{r~^) and V^Xi = 0(r“^). By canceling terms, we 
can prove the theorem for L = A = TrV*V. By the same reasons, it can be 
generalized to more general operator L whose coefficients equal to the Laplacian 
operator plus small error terms. □ 

From the approximation by (fn = 4 >x(J'~b), the condition in Lemma l4.2l that 
(f) G C°°(Bj^ \ Br) vanishes on the boundary can be replaced by the condition 
that (j) G C°°{B'^) vanishes on OBr and 0, Vt/f, G Lg. 

Notice that the estimate in Lemma 14.21 doesn’t scale correctly. Therefore, 
we must have the following fact: 

Theorem 4.3. //</> G Hg{B^) satisfies Lcf = 0. Then (f is -invariant plus 
exponentially decay term. 

Proof. We can assume 4> = 0 and prove that (j) decay exponentially. For 

any R large enough, we can apply Lemmato (1 — xi^ ~ R))4>. Therefore, 


/ <C ( |L((l-x(r-i?))(/>)pr‘^ 

Jr>R-\-2 Jr>R 
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(iv2(^p + + i<^n/ < c 


< c 




^fl+l<r-<fi+2 J R<r<R+3 

for some constant C independent of R. The last inequality holds by Theorem 
9.11 of [H]. So \(j)\^r^ decay exponentially, (j) also decay exponentially in 
L°° norm by Theorem 9.20 of [H]. □ 


Now we are able to prove the following generalization of Lemma 4 of Minerbe’s 
paper [29] . 

Theorem 4.4. As long as 30(5 is not an integer, there exists a bounded operator 
Gl : L^^r) such that L{Gl(I>) = </'■ 

Proof. It’s enough to prove the same thing for L = A = TrV*V and for smooth 
tensor (j). For T^-invariant part, we can use the spectral decomposition as in 
Theorem 4.5 of our hrst paper |8|. For the other part, we can solve the equation 
At/) = (/) in Bj^ \ Br and ijj = 0 on d{Bj^ \ Br). It’s solvable because we can 
solve it in Hq first, i.e (VV'jV^) = Then Theorem 8.13 of [12] implies 

that t/j € C°°{Bj^\BR) and vanishes on the boundary. After throwing away 
the T^-invariant part, we can apply Lemma 14.21 Now let R goes to infinity. 
We can get a sequence of A subsequence converges to a function ipoo in 
H^{Bp^ \ Br) for any R by Rellich lemma and the diagonal argument, ifoo is 
a generalized solution since we define derivatives in distribution sense. Notice 
that actually V’oo, VV'oo, V^'0oo S Ll{Bff}. V'oo also lies in G°°{Bff} and equals 
to 0 on BBr by Theorem 8.13 of [T^. Therefore, we can apply Lemma [4.21 to 
<f>ao- In particular, the difference of two 'i/'oo must be 0. In other words, V'oo is 
independent of the choice of subsequence. We call that Gl4i- □ 


We are ready to prove Main Theorem 1. 

Theorem 4.5. Any ALF-Dk gravitational instanton {M,g) is asymptotic to 
the standard model (E, h) of order 3 in the sense of Section 2 of F5| /. 

Proof. We already proved that M is asymptotic to {E,h) with error 0'{r~^). 
We will improve the decay rate slightly and iterate the improvement. The 
decay rates are in L°° sense. However, they are also in weighted sense 
after choosing correct weights. To be convenient, we transfer the weighted 
estimates back into L°° estimates using standard elliptic theory. During this 
process, the weights are usually slightly changed. Therefore, we will choose 
irrational Si < e arbitrarily close to e and irrational 62 < (5i arbitrary close to 
^ 1 . 

Let ujg be {uig,u!g,ujg) and ujh accordingly. Then 

ujg-ujh = 0'{r~^). 

The difference is small. So we can write it as infinitesimal difference plus some 
quadratic term. In other words, if we use h to distinguish self-dual and anti- 
self-dual forms, then the self dual part 

- uJh = 0 + 0'{r~'^^), 
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where Q = O'{r~^) G V. 

The operator L — W* satisfies all the conditions of Theorem 14.41 So there 
exists Gl such that 

e = VV*GlO. 

Let X = —T>*Gl0, then X = Let = exp(—tX) be the 1-parameter 

subgroup of diffeomorphisms generated by X. Then 

<i>ULxiOh) - LxiOh = 0'(r-2^i),Vt G [0,1], 


Therefore, 


— LOh — LxUJh 


i^ULxuJh) - Lxujh)dt = 


/t=0 


So 

-cu+-VX = -cOg- LxuJh)^ = 0'(r-2-5i) 

because ujg — ujh = 0'(r~^). After replacing ujg by we can assume that 

UJ+ -LOh = O' 

We also have oOg = 0'{r~^). Write it as = (p + ip with (p T^-invariant and 
L-Hx) V' = 0. Since -d * w" = dw” = -dw+ = 0'(r-2'5i-i), 

(dd* d*d)a;- = 0'(r-^^^-^). 


In particular, ip = ^ —Gdd*+d*d(dd*-|-d*d)'0 is harmonic and ip—ip = 0'{r~^^^). 
By Theorem 14.31 ip decay exponentially. Therefore, ip = 

Now, we write (pas(p = aArj—V *r3 a for a G A^(]R^). Then 

dtp = da /Mf] — a /\ drj — dV A *R3a — IAd(*R3a) = O' 


Let (is = mm{2S2,S2 + 1}- Then da = 0'{r~^^~^) and d(*R 3 a) = 0'{r~^^~^). 
Therefore d = a — Gdd*+d*d(dd* -|- d*d)a is a harmonic 1-form on What’s 
more a — d = 0'(r~^^) for all irrational ^4 < ^ 3 . 

After a spectral decomposition as in Theorem 4.5 of our first paper [ 8 ], we 
know that d = 0'(r~^). 

Combining everything together, the decay rate of tOg — lOh can be improved 
to min{( 54 , 1 } when we start from e, where the irrational number ^4 can be 
arbitrarily close to min{2e, e -I- 1}. After finite times of iterations, the decay 
rate of tOg — tOh can be improved to 1. Moreover, the decay rate of dd can be 
arbitrarily close to 3. Notice that the coefficients of dxi in d is even, so 

ada;^ + bdx'^ + cdx^ , o, 

a = -h 0'{r~0 

r 

for some constants a, b and c. It’s easy to deduce that a = b = c = 0 from 
the decay rate of dd. So d = 0'{r~^) instead. More iterations yield that the 
asymptotic rate, i.e the decay rate of LOg — loh can be improved to 3. □ 
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Remark. It’s known m that up to some exponentially decay term, the Cherkis- 
Hitchin-Ivanov-Kapustin-Lindstrom-Rocek metric outside a compact set can be 
written as the Z 2 -quotient of a Gibbons-Hawking ansatz whose V can be written 
as 


,, 16to , 4to 

^ = i--r-r + > 1- 




Therefore, our estimate is optimal. In ALF-Afc case, the coefficients of dxi in d 
are not necessarily even. So the asymptotic rate is only 2 here. Later, we will 
use this estimate to give a new proof of Theorem 1.3. Notice that the asymptotic 
rate of the multi-Taub-NUT metric is actually 3. 

Theorem 4.6. Any ALG gravitational instanton (M,g) is asymptotic to the 
standard model {E, h) of order mmnez,n< 2 i 3 in the sense of Section 2 of 

m- 


Proof. The proof of Theorem 14.51 go through until the analysis of T^-invariant 
closed anti-self-dual form (p. Following the notations of our first paper, the basis 
of anti-self-dual forms can be written as 

= dit A dv, = du A dn, = du A du — dz; A dz; 

When (zi, v) become (e^’’’*^zz, e“^’’’*^z;), (5^, become 5^). 

Notice that ip can be decomposed into combinations of 
and their conjugates. Only the first one and its conjugate are closed. To 
make zz”*^^^ well defined, —2tt[36 + 47r/3 must be in 27rZ. Therefore, 6 = 

• 2,3 — n I — I 

■ I—I 

Remark. In Theorem 1.5 of m, Hein constructed lots of ALG gravitational 
instantons of order min„gz_„< 2/3 whose tangent cone at inhnity has cone 
angle 2tt/3 < 2tt. Therefore, our estimate of asymptotic rate is optimal in ALG 
case if /3 < 1. 

It’s not hard to extend our method to ALH-non-splitting gravitational in¬ 
stanton using exponential growth weights and therefore complete the proof of 
Main Theorem 1. We will omit the details. 


5 Rigidity of multi-Taub-NUT metric 

In this section, we analyze the ALF-Aj, gravitational instantons as a warm up of 
Main Theorem 2. We will use the twistor space method as in m An important 
step in our approach is a compactification in the complex analytic sense and the 
analysis of topology of this compactification following Kodaira’s work [21] . 

We start from the compactification. 

Theorem 5.1. Any ALF-Ak gravitational instanton (M,I) can be compactified 
in the complex analytic sense. 
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Proof. By the remark after Theorem 14.51 M is asymptotic to the standard 
model E with error E is either the trivial product \ Bjf) x or 

the quotient of the Taub-NUT metric outside a ball by In any case, there 

exist two /-holomorphic functions ze and pE satisfying w’*' = AidlogpE A dz^. 
We are mostly interested in the behaviors when goes to — oo. It corresponds 
to 

C X (C* n B,-h) ^ C X (Bin) = {(ze^Pe) : \pe\ > e^}. 

We are also interested in the corresponding part of M. 

On M, there exists an /-holomorphic function z = ze + 0'{r~^) for any 
5 < I. As in Section 4.7 of [S], we can define a holomorphic vector field X by 
a;+(X, F) = —idz{Y). On each fixed fiber, there exists a unique holomorphic 
form (j) such that (j>{X) = I. Locally 

1 d 

= ic{z, v)dz A du, X = — - = c(z, v)dv. 

c{z, V) ov 

Notice that each fiber in the interesting part of M is topologically C* DB^-r. 
So on each fiber, we can integrate the form (j) to get a holomorphic function 
X G CI'Zt{u) up to a function of z. We can fix this ambiguity by requiring 
that X ~ ^*(“41og/5£;) goes to 0 when x becomes negative infinity, where $ 
is the map from M to E. t{u) = Stti since M is asymptotic to E and it’s 
true on E. We can fix this ambiguity by writing x as x = —41ogp. Therefore 
we get a part of M biholomorphic to C x (C* fl Bf.-R) = {{z,p) : \p\ > e^} 
with a;+ = 4idlogp A dz. Similarly, the part of M where goes to -boo is 
biholomorphic to C x (C* — {{z, : |^| > e^} with a;+ = 4fdz Adlog^. 

Now we can add the divisors //_ = {p = oo} and = {C = oo} fo 
compactify the two parts. We can get a manifold with a holomorphic function 
z whose generic fiber is CP^. Adding Daa = = {z = oo}, we can get a 

compact manifold M with a meromorphic function z : M ^ CP^ whose generic 
fiber is CP^. □ 


It’s easy to see that —K = {a;+ = oo} = D- + D+ -b 2/1 oo is the anti- 
canonical divisor. Any generic fiber is a non-singular rational curve C = CP^ 
with {—KC) = 2 and (C^) = 0. Following the work of Kodaira ^1], we can 
classify singular fibers. 


Theorem 5.2. Any singular fiber C can be written as the sum of non-singular 
rational curves 

C = ©0 -b ... -b ©mj m = l,2,3,..., 


with 

(©.©,) =^(|j-i|-l), 
(©2) = -2 + 5(0) + <5(m), 
{-KQi) = (5(0) -b (5(m), 

where S{n) = 1 ifn = 0, and S{n) = 0 otherwise. 
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Proof. Let C = 'YfniQi. The main tools are Kodaira’s identities pT] 

2^'(0,) - 2 - (02) = (iL0,), 

(C'0,) = 0 = n,(02) +^n,(0,0,), 

where the virtual genus 7r'(0i) is non-negative and 7r'(0i) vanishes if and only 
if 0i is a non-singular rational curve. 

If there is only one curve C = 0o, then (KQo) = —2. Notice that (0 q) = 0 
by the second identity. So 7r'(0o) = 0 by the first identity. So 0o is a non¬ 
singular rational curve. In other words, the fiber is regular. 

Otherwise, from the information near D±, there exist two curves 0o and 
0m satisfying {—KQq) = {—KQrn) = 1 and no = Um = 1- All other curves 
don’t intersect —K. From the second identity and the fact that C is connected 
pi] . we know that (O^) < 0. Therefore, n'{Qi) must be 0, i.e. each 0^ is a 
non-singular rational curve. It follows that (0^) = —2 + S(0) -I- S(m). 

Now the second identity becomes 1 = If (0o0m) = 1, we 

are done with m = 1. Otherwise, suppose (0o0i) = 1. Then n-i = 1, so we 
get 2 = 1-1- nj(0i0j). If (010m) = 1, we are done with m = 2. 

Otherwise, we can continue. After several steps, we must stop because the 
number of curves is finite. Therefore, the singular fibers must have the required 
properties. □ 

Remark. That’s exactly the picture in Theorem 12.41 

Remark. If each fiber is regular except the fiber { 2 ; = 0}, M is biholomorphic 
to the minimal resolution of xy = In this case, the central fiber has 

k = m — 1 non-singular rational curves 0i,...,0m-i whose intersection diagram 
is called the Ak Dynkin diagram. That’s the reason why we call M ALF-klfc. 

Now we are able to give a new proof of the following theorem. It was first 
proved by Minerbe in [30] using the existence of Killing vector fields. However, 
since there is no Killing vector field on ALF-Hfc gravitational instantons, we 
prefer a new proof of this theorem using the twistor space. 

Theorem 5.3. (Minerhe) Any ALF-Ak gravitational instanton must be the 
multi-Taub-NUT metric. 

Proof. First of all, let’s look at the slice ^ = 0. In other words, we use / as 
the complex structure, w'*" as the holomorphic symplectic form. By Theorem 
15.11 there exist p and ^ such that a;+ = didlogp A dz = 4zdz A dlog^. So pf 
is a holomorphic function of z satisfying \\m.z^oa pf /= 1- It’s completely 
determined by its zeros. By Theorem l5.2l and Theorem l2.4l it’s easy to see that 
(M, I) is biholomorphic to pf, = ~ Pa) or the minimal resolution of it. 

Now we may vary ( ^ 00 . We can still get pf = Y\a=ii^ ~ -^^(C)) with 
uj = 4zdlogp A dz. Similarly, for C 0, we may use instead. Then 

uj = and z = are non-singular. So we can get w = 4zdlog/5 A dz 
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instead. The difference p/p is a holomorphic function of ^ and z. It equals to 
on E, so p/p must be on M. Similarly, f 

Since p^ = ~ -Pa(C))- It’s easy to see that Pa{C) = C^PaiC)- So 

PaiC) must be a degree two polynomial of (. 

Now let’s look at the action of the real structure. When C becomes —1 /Cj 
M becomes exactly its own conjugation. Since z is invariant under the action 
{C,tZ) —)> (—1/C, —^/C^), Pa must have the same property under the real struc¬ 
ture. In other words, Pa{C) = + 2foaC ~ da for some Ua € <C and ba G K. 

It’s easy to see that the real structure r must act by 

= (-l/C,-^/C^e^-/f(l/C)"+'C,e-"/«(-l/0'=+'p)■ 

It’s well known m that the form uj and the real structure on the twistor 
space determine the metric on M. So M must be the multi-Taub-NUT metric. 

□ 


6 Classification of ALF-Dk gravitational instan- 
tons 


In this section we prove Main Theorem 2 as we did for the ALF-^fc gravitational 
instantons in the previous section. 

We still start from the compactification. 

Theorem 6.1. Any ALF-Dk gravitational instanton {M,I) can be compactified 
in the complex analytic sense. 

Proof. We already know that outside a compact set, M is up to 0'{r~^), the 
Z 2 -quotient of a standard S^-fiberation E over — B^. Moreover, there is an 
/m- holomorphic function z = (—-I- ix^Y + 0'{r~^) on M. 

Recall that there is a part of {E,Ie) biholomorphic to 

C X (C* n B^-r) = {{oe, bs) ■ aE = —x^ ix^ G C, 6^; G C* fl B^-r}. 

Now we claim that the corresponding part of (M, Im) is also biholomorphic to 


C X (C* n Re-«) = {(a, &) : a G C, 6 G C* n B^-r} 


What’s more, under this diffeomorphism, = —4idlog6 A da. 

It’s hard to solve a, b as functions of qe, bE directly. However, following the 
idea of Newlander and Nirenberg [32], we can instead solve oe, bE as functions 
of a, b and apply the inverse function theorem. 

Let 

1 ^ 

a = u + iv, log b = t i0,aE = a + z ,bE = be^ . 

Let 


919 9 - 9 9l9 9- 

"■ = s; = 2<8; - = Si-* = "s; = 2<s - 
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Then the equation is reduced to 


djZ^ + + iv + + i 0 + z‘^){djZ^ + S\) = 0, 


where 


\V^ct>{u + iv,t + i0)\ < Cim){u'^ + + i2)(-3-m)/2 


for all m > 0 and all t < —R if R is large enough. 

Instead of the space (7"+“ in [35], we prefer weighted Hilbert spaces. 
Define 


Jt<-R 


and 


= 


/ ^ moid^d^fw 


+ 2i+2j,0 + 2k+2l 


then we can find an operator 


Ti : —>■ 

satisfying 

diT,f = f 

in the distribution sense if a < 2 and a isn’t an integer. Actually, by Theorem 
4.12 of our first paper [8], we can find Gi such that 4didiGif = / in the 
distribution sense. So Tif = 49iGi/. 

Similarly, by Theorem 14.41 we can find an operator 


Ta : L 


2 

a.,l3 


-)■ L 


2 

a,P-2 


satisfying 


d2T2f = f 


in the distribution sense if j3 isn’t an integer. Since both Ti and Ta are canon¬ 
ically defined, Ti commutes with 82 and 82 while Ta commutes with 81 and 
di. By the work of Newlander and Nirenberg [32], the integrability condition 
implies that it’s enough to solve the equation 


= T^fl + - \T^diT^r^ - \T^d2T^fl 


where 

fj = + iv + z^ R + i 0 + z^){djz’' + (5*). 

It has a unique solution in i?lae -2e ^’^y 0 < e < 1/2 if i? is large enough. 

By Sobolev embedding theorem, |z*| < G(1 -I- -I- 

In conclusion, we’ve solved and 6^; in terms of a and b. We can invert them 
to get a and h in terms of a^; and bE- By the arguments similar to Theorem l5.ll 
we can slightly modify b such that limf,_,.□(&/&£;) = 1 and = —4idlog6A da. 
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Therefore, we can add the divisor £) = {6 = 0} to compactify this part. On 
MVJD, the condition z = + 0'{r~^) is reduced to z{a, 0) = a?. Near a = oo, 

let c = 1/a, then M U D is locally biholomorphic to 

((C* n Byn) X CP^)/Z 2 = {(c, 6) : 0 < |c| < 1/R, b G CP^}/(c, b) - (-c, 1/6). 

As Kodaira did in HU, we can add {(0, 6)}/(0,6) ^ (0,1/6) and then replace the 
neighborhoods of two singular points (0,1) and (0, —1) by two copies of A^+ 2 .(See 
page 583 of [21]). Similar to page 586 of Hi], we know that Hoo = 20 + Oq + 0i 
with (00,) = (£10) = 1, ( 0102 ) = (i/0i) = 0, (02) = -1 and (0?) = -2. 
Therefore, we get a compact manifold M = M U D U Dao with a meromorphic 
function z : M ^ CP^ whose generic fiber is a non-singular rational curve. □ 

On M, the anti-canonical divisor —K = {oj^ = oo} = D + Doo- Any 
generic fiber is a non-singular rational curve C = CP^ with {—KC) = 2 and 
(C^) = 0. Any singular fiber {z = zq} must belong to the list in Theorem l5.2l if 
zo 7 ^ 0, oo. So we only need to classify the fiber {z = 0}. The main property is 
that —K = D + Doo intersects C at only one point. 

Theorem 6.2. The fiber C = {z = 0} ean be written as the sum of non-singular 
rational curves. There are three cases: 


(1) C = 0, (02) = 0, {—KQ) = (DQ) = 2, but D intersects 0 at one point 
with multiplicity 2. 

(2) C = 00 + 01, (0o) = (0?) = “1, three curves 0o, 0i, D intersect at 
same point. 

(3) C = 200 -f ... -f 20m + 0m-|-l + 0m-|-2, UT, = 0, 1, ... 


(0O0l) — ... — (0m-10m) — (0m0m-|-l) — (0m0m+2) — 1, 
(02) = -1, (02) = ... = ( 0 ^+ 2 ) = -2, (-i^Oo) = (^0o) = 1, 


and all other intersection numbers are 0. 

Proof. Let C = '^ni<di. We still use Kodaira’s two identities 


2^'(0,) - 2 - (02) = (iG0,), 
(C0,) = O = n,(02)+^n,(0,0,) 


1 /* 

and the fact the C is connected. By the second identity. 



Since {DC) = {—KC) = 2, but D intersects C at only one point, there are 
only three possibilities. 

(1) 00 intersects D at one point with multiplicity 2. By Kodaira’s first 
identity, (0 q) = 0 and 7r'(0o) = 0. Therefore, there are no other curves at all. 
It’s the first case. 
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(2) ©0 and ©i intersect D at same point. So (©^) = —1 and 7 r'(©i) = 0. 
There are still no other curves at all. It’s the second case. 

(3) ©0 intersects D at one point but no = 2. In this case, (©g) = —I and 
7 r'(©o) = 0 by Kodaira’s first identity. As in Theorem l5.2l since any other curve 
has no intersection with T), it must be a non-singular rational curve with self 
intersection number — 2 . 

Therefore, either two different curves ©i and ©2 intersect ©g or one curve 
©1 intersects ©0 but ni = 2. In the first case, we are done. In the second case, 
we can continue the same kind of analysis. After finite steps, we are done since 
there are only finitely many curves. □ 

Remark. If each fiber is regular except the fiber {z = 0}, M is biholomorphic to 
the minimal resolution of — zy^ = In this case, the central fiber has 

k = m + 2 non-singular rational curves ©i,...,©m-i -2 whose intersection diagram 
is called the Dk Dynkin diagram. That’s the reason why we call M KLY-Dk- 

Now, we are able to prove Main Theorem 2. 

Theorem 6.3. (Main Theorem 2) Any ALF-Dk gravitational instanton must 
be the Cherkis-Flitchin-Ivanov-Kapustin-Lindstrdm-Rocek metric. 

Proof. We still start from the slice C = 0. We already know that the double 
cover M oi M \ {z = 0} is asymptotic to E. %/z Ri a is well defined on M. As 
before, we can define a holomorphic function / on M by = 4fdlog/ A dy/z 
and limf,_>g fb = 1. The composition of / and the covering transform is called 
/'■ 

Now we are interested in the behavior near a = 0 and 6 = 0. We can write 
z as 

^ = e'’^i(“’'’)(a 2 + 6 / 2 ( 6 )a + 6/3(6)). 

The function f^ib) = —( 6 / 2 ( 6))^/4 -|- bfo{b) can be written as c 6 "*(I -|- 6 / 5 ( 6 )), 
where m = l,2,oo depending on the type of {z = 0}. Change the coordinates 
by 

a'= e''^i(“’^)/ 2 (a + 6 / 2 ( 6 ) 72 ), 

6 ' = 6 e''^i(“’'’)/™(I-k 6 / 5 ( 6 ))i/™. 

Then 

z = a'^ +cb'^, 

with 

= —4*dlog6' A (I -I- b'fe{a, b))da' = 4idlog/ A d^/z. 

(1) In the first case of Theorem 16.21 m = I. So 


log/ 


,/zdb' 

a'b' 


= — log 6' -|- log 


{y/z + a') 

47 


t\2 


a' + y/z —c 


if we ignore the term b'fe(a,b). However, the contribution from the term 
676 (a, b) is bounded by C \--j^M=\dt < Ca/IzI. So lim^^g fz = -c/4. 
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It’s also true that lim 2 _>.o f'z = —c/4. Therefore, we can write /,/' as 
fz = P + y/zQ, f'z = P - ^/zQ. 

Away from {z = 0}, the picture is similar to the A 2 k -5 case, so 

k 

P^-zQ^ = {P + ^zQ){P-yrzQ)=X{{z-Pl). 

OL — 1 

Notice that lim^_>.o P = —c/4 = so we can write P = yz+Y\^{—iPa) 

and write Q = x. A simple calculation yields 

- zy^ = —(l[{z - Pi) - n(-^a)) + 2 X{{-^Po.)y 


and 

+ -j/ 1 1 ,P+'/zQ\\ „ J 1/ 1 1 Pllai-'^Pa) + '/z^w A J 

= id(— log(-- ^-=-)) A dz = zd(— log(— . -^)) A dz. 

y/z P-y/zQ ^z yz P [[^(-iPa) - yf zx 

(2) In the second case of Theorem I6.21 m = 2. So 


log / = - 


\/zdb' , ,, , y/z + a’ I, a'+ yfz I, -c 

_ = _ log i + log_ log_ log _ 


if we ignore the term b'f^{a,b). In this case, the contribution from the term 
676 (a, 6) is bounded by C/J" \-j^^=\dt < C y/\z\\og{l / y/\z\) . So lim^^o/\/z 

7^/2. It’s also true that limz_>o —f'^/z = 7^/2. So we can write /, /' as 

fy/z = X + y/zy, -f'yfz = X- y/zy. 


It’s easy to see that 

k-l 

7 - z7 = {x + y/zy){x - yfzy) = - H 

OL — 1 

Notice that lim 2 _,,oX = 7^/2 on 0o, but lim^-^o a; = —7^/2 on 0i, so we 
can no longer reduce x and y. However, let Pk = 0, then 

- zy^ = ^{Y[{z - Pi) - Y[{-Pl)) + 2Y[{-iPc)y 

Q;=l Oi—1 a — 1 

and 

= 4.d log / A = .d(7 l„g(»i±l|42A)±7!i)) A do. 

y/Z yz + lla^i [-iPa) - y/zx 
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It’s convenient to write P = yz and Q = x. So fz = P + \fzQ still holds. 

(3) In the third case of Theorein l6.21 m = oo. Just as we did in Theorem 16. II 
near z = oo, the manifold becomes the minimal resolution of the Z 2 -quotient of 
multi-Taub-NUT metric. Z 2 acts by interchanging p and So f = p and f = 
They satisfy //' = “ Pa)- Let x = yi(/ - f)/2 and y = {f + f')/2. 

Then x^ - zy^ = -zY\^~J^{z - P^). Let Pk-i = Pk = 0. Then (M,/) is 
biholomorphic to the minimal resolution of 

- V=^ (n - n (-^«))+2 n 


and 


/l-Jl ^ 1 1 + na=l(-*L’a) -b yix 

= 4idlog/ A dv-z = *d(—^ log(--)) A dz. 

y^ + nLiH^«)-v/ix 

Let P = yz and Q = x. Then fz = P + %/zQ still holds. 

In conclusion, we always have the correct biholomorphic type and correct 
The only difference is how many Pa’s equal to 0. Now we may vary C ^ 00 . 
We can still get similar pictures. For C 7 b 0, we may use C, = instead. Then 
u) = and z = C~*z are non-singular. So we can get /, /' x, y, P, and 

Q instead. The difference /// transfer as pjp in the bl 2 fe _5 case. Therefore 
/// = e-v^/Cc-2'=+4. So (P -b y/SQ))/{P + v^Q) = . 

It’s conventional to rescale the metric. Therefore, we actually have 

(P + \/IQ))/(P + v/JQ) = 

as our transition function instead. In other words, 


f P \ ^p-2k ( cosh(2yi/C) -yisinh(2yi/C) \ ( P \ 

\ Q ) ^ V -C^ sinh(2yi/CV\/^ C^cosh(2V^/C) ) \ Q ) ' 

As before, Pa(C) must be a degree two polynomial in C,. When we look at the 
action of the real structure, it’s easy to see that actually Pa(C) = aaC^+2&aC~«a 
for some Uq G C and ba G M. Moreover, the real structure r must act by 

Tic, z, P, Q) = iC = -C,z = z,P = P,Q = -Q). 

We can further transfer those expressions into x and y by the fact that 
P = yz + na(-*-Pa(C)), Q = a; and P = yz -b na(-*-Pa(C)): Q = x. 

It’s well known m that the form oj and the real structure on the twistor 
space determine the metric on M. So M must be the Cherkis-Hitchin-Ivanov- 
Kapustin-Lindstrdm-Rocek metric. □ 
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7 A Torelli-type theorem for ALF gravitational 
instantons 

In this section we prove the Torelli-type theorem for ALF gravitational instan¬ 
tons as an analogy of Kronheimer’s results [53] [53] . 

First of all, we can rescale the metric to make the scaling parameter /i = 1. 
In the ALF-Afe case, for each a /3, 7r“^ of the segment connecting and 
'x.p is a sphere Sp-a- They generate H 2 {M, Z). It’s easy to see that they are the 
only roots, i.e. homology classes with self-intersection number -2. The simple 
roots can be chosen as 52,-1,53,_2, Sk+i,-k- They form an Ak root system. 
By a simple calculation. 



equals to {bp - ba,Re{ap - aa),l^iai3 - aa)) 
up to a constant multiple. Since the ALF hyperkahler structure is completely 


determined by the parameters {ap — a^, bp — ba), it’s also determined by three 
cohomology classes [w®]. 

The ALF-Afe gravitational instanton is singular if and only if there exist 
a ^ /3 such that {aa,ba) = {ap,bp). It’s equivalent to the vanishing of [w®] on 
some root. 

The ALF-Dfe case is similar. When k > 2, the roots S±p^±a,a ^ (3 gen¬ 
erate H2{M,1 j). The simple roots can be chosen as 5+2,+i, 5+2,-i, 5+3.-2, 
5 +4,_3..., 5+/c,_(fc_i). They form a Dk root system. The integrals on them 
^•I'S±I3.±C ) are (ibp ± ba, Re(iLap ± Oq,), Im(±a /3 ± Oq)) 

up to a constant multiple, too. The ALF-Dk gravitational instanton is singu¬ 
lar if and only if there exist a /3 such that {aa,ba) = 3z{ap,bp). So the 
Torelli-type theorem also holds in this case. 

When fc = 1, H 2 {M,Z) is generated by 5+i,_i, a sphere with one ordinary 
double point. Its self-intersection number is 0. It’s easy to see that the Torelli- 
type theorem holds, too. 

When k = 0, H 2 {M,'L) = 0 and there is only one ALF-Z?o gravitational 
instanton. The Torelli-type theorem holds trivially. 

8 Applications 

There are lots of different ways to construct ALF gravitational instantons. Our 
work shows that they are essentially the same thing. This gives us the relation¬ 
ship among different constructions. 

The original idea of Ivanov-Lindstrom-Rocek [T3] comes from the su¬ 
persymmetric sigma model. Later, their conjecture was realized by Cherkis- 
Hithcin-Kapustin m HQ] as the moduli space of magnetic monopoles, i.e. so¬ 
lutions of the Bogomolny equation with prescribed singularities. The AFF-Dk 
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gravitational instanton also appears in the supersymmetric N=4 SU(2) gauge 
theories [34], string theory and M-theory m- 

An anti-self-dual harmonic form on the ALF-Z?o gravitational instanton was 
computed by Sen [3S| [35] as the evidence of the S-duality, a generalization of the 
electric-magnetic duality. The cohomology groups of more general gravitational 
instantons were computed by Hausel-Hunsicker-Mazzeo HU. 

The Yang-Mills instantons on ALE gravitational instantons were studied 
by Kronheimer-Nakajima [IS] as the generalization of ADHM construction [Tj. 
It’s closely related to representations of quivers and Kac-Moody algebras |3T] . 
Cherkis [5] generalized this to representations of bows in order to study the 
instantons on ALF gravitational instantons. He said, from the string theory 
picture of [38], it is more natural to consider instantons on ALF, rather than on 
ALE spaces. The ALF gravitational instantons can also be realized as moduli 
spaces of certain bow representations. 

We’ve seen the relationship between gravitational instantons and the rep¬ 
resentation theory. The Weierstrass elliptic function (page 723 of [TT]) and 
the modular forms (page 20 of [H]) also appear in the calculation of the ALF 
gravitational instantons. It’s not just a coincide. In fact, according to Kapustin- 
Witten [^, there is a deep relationship between the geometric Langlands pro¬ 
gram and the ALF-Dk gravitational instantons (Section 9 of [10])) S-duality, 
N=4 super Yang-Mills Theory and the Hitchin liberation, i.e. the map from the 
moduli space of Higgs bundles to characteristic polynomials. Thus, we hope that 
our work can shed light on the geometric Langlands program and eventually, 
on the Langlands program. 

A related remarkable progress was made by Laumon and Ngo [26]. They 
proved the fundemental lemma of the Langlands program for unitary groups 
using a finite field analogy of the Hitchin fibration introduced by Ngo [33] . Ac¬ 
cording to Boalch [4], the simplest Hitchin fibration is provided by the elliptic 
fibration of the ALG gravitational instanton. We will leave the ALG gravita¬ 
tional instanton for further study after the improvement of the asymptotic rate 
in Main Theorem 1. 

Compared to the applications to other areas of mathematics and physics, the 
application to the differential geometry is rather limited. One may image that 
the gravitational instanton arises as the bubble of some geometric constructions. 
It’s easy to show that a bubble has finite energy. By the work of Cheeger-Tian 
[7], the curvature must decay quadratically. However, according to Gromov 
(Page 96 of [E]), the quadratic curvature decay condition can’t provide even 
the weakest topological information. On the contrary, the faster than quadratic 
curvature decay condition contains much more information but is hard to ob¬ 
tain. Nevertheless, when we reverse the process, our Main Theorem 1 provides 
an improved asymptotic rate for the gluing constructions of lots of interesting 
geometric structures. 
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